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1 Competition diffusion systems with Lotka-Volterra interactions

=» With symmetric interspecific competition rates 8; ; = 5;; large:
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2 Energy minimizing configurations of Bose—Einstein condensates in multiple
spin—states with repulsive interaction potentials

E(Wr, - n) = [ 300 3V + F|0il?) + X5 Bl in

f|wi|2:mi7 7’:]~77h

= Defocusing: S.M. Chang, C.S. Lin, T.C. Lin, and W.W. Lin, Phys. D 196, 341-361 (2004)
=> Focusing: Conti M., Terracini S., Verzini G., J. Functional Analysis, 198 (2003) 160-196



3 Optimal partition problems for Dirichlet eigenvalues

min {Z N(wi) = (wr, - wy) € %h(ﬂ))}

where
B, ={(wi,...,wn) : w;open, |w;Nw;| =0forizjand U;w; CQ}.

B. Bourdin, D. Bucur, and . Oudet, Optimal Partitions for Eigenvalues, SIAM J. Sci. Comput.
31, 2009/10 pp. 4100-4114



With more and more nodal components:
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The periodicity is highlighted by repeating the unit cell 9 times

Fic. 3.8. Optimal partitions of the sum of the second (left) and third (right) eigenvalues of the

Dirichlet—Laplacian for n = 8 cells.
on a two-dimensional lattice

With higher eigenvalues:



4 Uniform bounds in Holder spaces

Consider strongly competing systems with either of the Lotka-Volterra or gradient type interactions

—Au;(x)

:f Buz Zu

J7

Theorem 1 (Conti-T-Verzini 06, Noris-Tavares-T-Verzini ’10) Let Ug be a family of
H'-bounded solutions. There exists L, > 0 such that

u; glx) — u;
sup 5(@) — uiply) _ I
.y [z —y|
forallt=1,...,h and for all B > 0. Moreover, the limiting profiles are Lipschitz continuous.

Ingredients of the proof. Assuming the contrary, after scaling and performing the blow—up analysis,
after a lot of work we would arrive to the existence of an entire solution of

—Au;(x

— _uz

r) Y ui(x)

el

satisfying a global bound in Holder norm, in contradiction with suitable perturbed monitonicity
formulae underlying the rules of the minimal spacial growth for competition systems.



5 A Liouville type theorem

The proof of Theorem 1 rests upon a blow—up argument and the following non existence theorem:

Theorem 2 (Conti-T-Verzini 06, Noris-Tavares-T-Verzini ’10) Let k > 2, a;; > 0,
and let U = (uq, ..., ux) be a solution of

—Aui(x) = —u(x) Z aiju?(x) reRY
JFi
u;i(z) > 0 r e RY

for every i. Assume that, for some o € (0, 1), there holds

jui(@)]
max sup < 0.
1=1,..., k QZ'ERN 1 —1_ ’I|a

Then all components (but possibly one) vanish.



6 Classification of entire solutions

We understand that a key step of the theory is the classification of the solutions of the system, with
respect to their spatial growth. To this aim, we have at our disposal two major tools

= The perturbed Alt-Caffarelli-Friedman monotonicity formula (for Lotka-Volterra and all other
types of interaction): let

. 1 2 2,2
CI)(r) = H Toz(k)—g /BT(O) K(ZE) |VUZ‘ + ZCLU’LLZ-U]- ,

J7

where K(z) = |z[*™" for |z| > 1. The exponent a(k) > 2 depends on a spectral optimal
partition problem on the sphere. Then ® is increasing.

=> The Almgren monotonicity formula (only for gradient systems): let

B r fBr(o) Zz |Vuz-\2 T Z#Z‘ UZQU?

J 0B, (0) Li u;

N(r) :

Then NV is increasing. Moreover,

lim N(r) > 1

r—-+00




7 Two components in one space dimension

In order to understand the interplay of two neighboring components, we have to deal with the
solutions to the system

)
Au = uv?

 Av = vu?,

(u,v >0 1n RN

Of course, there are one variable solutions (depending on the energy h > 0):

(W = wn?
) v = vu?,
‘u/‘Q s |”U/‘2 _ u2v2 — h
\u(a:) =v(—x), u,v >0 in R.

All these solution have the lowest possible growth

lim N(r)=1

r—+00




8 Uniqueness of entire solutions in one space dimension

Theorem 3 (Berestycki-Lin-Wei-Zhao ’09, Berestycki-T-Wang-Wei ’12)) Up to trans-
lations and reflections, there is only one one-parameter family of solutions to

/N
U = v,

1
a2
{ v =vu’,

lu,v >0 mmR

For this family we have v(t* —t) = u(t* +t). In addition they are all stable.

Proof
=> Normalize the energy to one;
=> observe that u and v are positive convex functions;

=> assume, for instance, that « is increasing and v is decreasing. Moreover u decays superexponen-
tially at —oo, v at +00

= as r — 400, |u (z) — 1| decays exponentially. This implies the existence of a positive constant
A such that

lu(z) — ™|+ |v(z) — 27| < A




9 The sliding method

In addition, the limits \

i (u(z) —27), i (v(z) —27)

exist. So there are asymptotes at infinity
for both u and v

-4

Now assume (u1,v1) and (ug, v3) are two entire solutions of the problem with the same unitary
energy. For ¢ > 0, denote

ULt(l‘) = Ul(l' + t), Ul’t(l’) = Ul(ZE -+ t)

Step 1. Thanks of the decay estimates, there exists ¢ such that for all ¢ > ¢,

uy () > ug(x),v14(x) <wvo(z) in R. (S




Step 2. Decrease the t to an optimal value when (SI) holds

to = inf{t | such that (SI) holds for all ¢ >t }.

Note that there holds )
—(uryy — ug) 4 viy (U1 —ug) >0
—(vg — v14y) + Ui (v2 — V1) <0

Hence, by the strong maximum principle,

either wy () = ug(x), viy () =
or uy () > ug(), v14(x) <

Step 3. We show, using again some form of the maximum principle, that the second case can
not occur. This is done in two steps:

= if the asymptotes do not coincide, then we work essentially on a bounded domain and we can
use the usual continuation argument to obtain a contradiction;

= if some of the asymptotes coincides, the extremality of ¢y implies that, for ¢y — ¢ there is a
negative part of either uy ¢—. — ug or —vy4,—- + v9. This part must be placed close to infinity.
Using as a weight function g(z) = log(z* + 1/2) we reach again a contradiction.



10 De Giorgi type conjecture. partial results in two dimensions

Theorem 4 (Berestycki-Lin-Wei-Zhao ’09(+BTWW?’12)) Let (u,v) a solution to

Au=uv?, Av=wvu*, u,v>0 in R

such that

u(z) +v(x) < C(1+|x|).

and which is monotone in one direction. Then (u,v) is one dimensional , (i.e., there exists
a € R Ja|] = 1,0 € R such that (u,v) = (up(a - x — b),ve(a - © — b)) where (ug,vy) is the
one-dimensional solution).

A quite standard argument shows that monotone = stable. Recall that a stable solution (u, v)
is such that the linearization is weakly positive definite. That is, it satisfies

[ [T6l+ [D6P +026 + w2+ duvp] 20, Vv € CRRY)




11 Planar stable solutions and a theorem by Kelei Wang

Theorem 5 (Berestycki-T-Wang-Wei ’12) Let (u,v) be a stable solution to the system in

R? of
Au=uv?, Av=vu*, u,v>0 in R
such that
u(z) +v(x) < C(1+|x]).
Then (u,v) is one-dimensional, (i.e., there exists a € R? |a| = 1,b € R such that (u,v) =

(up(a - x — b),vp(a - x — b)) where (ug, vy) is the one-dimensional solution)

Theorem 6 (Kelei Wang, preprint 2012) In any space dimensions, let (u,v) a solution
having at most linear growth and which is minimal (in the sense of Morse): the energy is

minimized with respect to compact support variations. Then (u,v) is one dimensional .



12 Solutions with polynomial growth

A natural question is whether or not all solutions to the system should satisfy the linear growth.
For every integer d, there are solutions to the system with polynomial growth |z|?. To describe the
behavior at infinity, let us consider the harmonic polynomial ® of degree d as

® = Re(2Y).

Note that ¢ has some dihedral symmetry; indeed, let us take its d nodal lines Lq,---, Ly and
denote the corresponding reflection with respect to these lines as Tj,--- ,7Ty;: then there holds

O(T;z) = —D(2).

Theorem 7 (B-T-W-W’12) For each positive integer d > 1, there exists a solution (u,v)
to the system, satisfying

(Du—v>0in{P >0} andu—v <0 in{P <0},
(2)u>d" andv > 7

B)Vi=1,---,d, uw(T;z) = v(z);

(4) Vr > 0, the Almgren frequency function satisfies

r Vul? + |[Vul? + v?v?
S, 0 I Vul? + Vvl Cd— m N()

N(r) =
) faBr(O) u? + v? e




13 Asymptotics at infinity

We consider the blow-down sequence

(ur(x),vr(x)) == (

where 4(0) = v(0) and L(R) is chosen so that

/ up -+ vh = 1.
0B1(0)

We have the following
Theorem 8 Let (u,v) be a solution of the system such that d == lim N(r) < 4o0. As

r—r=00
R — 00, (ug,vg) defined above (up to a subsequence) converges to (W, U™) uniformly on any

compact set of RY. Here U is a homogeneous harmonic polynomial of degree d. If d = 1 then
(u,v) is asymptotically linear at infinity.

In particular this applies to the solutions found by Theorem 6 to give

Corollary 1 Let (u,v) be a solution of the system given by Theorem 6: then

(un(e), valr)) = (mu(Re) oo(Ra)

converges uniformly on compact subsets of R% to a multiple of (®F,d7), where ® := Re(z?).



14 Systems with many components

Theorem 9 (Berestycki-T-Wang-Wei ’12) There exists a positive solution to the system

k
Au; = u; g u?, m Coio=1,...k

having the following symmetries (here Z is the complex conjugate of z)

wi(2) = ui(G"2), onC,i=1,...,k
ui(z) = ui1(Gz), onC,i=1,... )k
Upt1(2) = ui(2), on C
Upro—i(2) = ui(Z), onC,i=1,...k
such that
k
2
. 142d /a& 21:% =0 € (0,+00);
and

4.

lim
e Jos,0)

k
TIBT(O) Do VUil + 37, uiuj
k




15 Limiting profiles

As the interspecific competition rate 5 = min;; 8;; tends to infinity we find a vector U = (uy, - - -, up)

of functions

= having mutually disjoint supports: u; - u; = 0 in ) for ¢ # j,
=) satisfying

—Au; = fi(x,u;) whenever u; 20, i=1,...,h,

Questions:

=> Uniqueness vs multiplicity

= Extremality conditions at the interface of the nodal components

= Regularity

of the minimizers
of the interfaces




16 Segregated critical configuration

Let Q be an open bounded subset of RY, with N > 2. Let U = (uy,...,uy) € (HYQ))" be a
vector of (real, complex, vector-valued)

=> nontrivial Lipschitz functions in €2,

= having mutually disjoint supports: u; - u; = 0 in € for ¢ # j,

= satisfying

—Au; = fi(x,u;) whenever u; 20, 1=1,...,h,

where f; : Q x R™ — R are C"! functions such that f;(x,s) = O(s) when s — 0, uniformly in
T.

Our main interest is the study of the regularity of the nodal set of the segregated configurations

U= (ul,...,uh):

[y={xe€Q: U(x)=0}

Obviously, without other conditions, there is no reason at all why the nodal set should be regular.
We must add some information on the interaction between the components at the interface of their
supports.



17 A weak reflection law

Theorem 10 (Tavares-T, 2010) Let us define, for every xy € 2 and r € (0, dist(xy, 0))
the energy

- - 1
E(r)=E(xg,U,r) = N /B - VU,
r{L0

then, E(:co, U,-) is an absolutely continuous function of r, and we assume that it satisfies the
following differential equation

d - 2 2
—FE(xy, U, r) = 0,U)*d (1, u; i T—T0).
FEe0Un) = | @ o [ 3 (T e

7

Then, there exists a set Xy C L'y the reqular part, relatively open in 'y, such that
D Ham(To \ X)) < N =2, and if N =2 then actually Ty \ Xy is a locally finite set;

= Xy is a collection of hyper-surfaces of class CY (for every 0 < o < 1). Furthermore for
every o € Ly

lim_ VU (z)| = lim [VU(z)| # 0,

CC-)SCO ZE’-).I’O

where the limits as x — :z:oi are taken from the opposite sides of the hyper-surface. Further-
more, if N = 2 then Xy consists in a locally finite collection of curves meeting with equal

angles at singular points.



18 Some remarks

d 1 / 5 2 / 5 2 /
— VU|* = 0,U)* do+ filz,u;){Vu;, x—x9). (WRL
By(zq) | | i aBr(ﬂﬁo)( ) riv r(zo) Z | . o) { |

7

= It is easy to check that equation (WRL) always holds for balls lying entirely inside one of the
component supports, as a consequence of the elliptic equation. Hence, for our class systems,
it represents the only interaction between the different components u; through the common

boundary of their supports;
=> (WRL) is satisfied by the nodal components of solutions to a single semilinear elliptic equation
of the form —Au = f(u).

= equation (WRL) can be seen as a weak form of a reflection property through the interfaces.
Consider the following example: take two linear functions on complementary half-spaces:

Then

(WRL) <= lai| = |as] -




More in general, when we have two components with a smooth interface between the supports,
then

(WRL) <= lm [VU(z)| = lim [VU(z)| .

.CU—>.CUO l’-)!L’O

(WRL) as an extremality condition

Although this hypothesis may look weird and may seem hard to check in applications, it occurs
naturally in many situations where the vector U appears as a limit configuration in problems of
spatial segregation.

= It has to be noted indeed that a form of (WRL) always holds for solutions of systems of interacting
semilinear equations and that it persists under strong H' limits.

=> In addition, (WRL) holds for vector functions U minimizing Lagrangian functional associated
with the system.

=> It is fullfilled also for strong limits to competition—diffusion systems, both those possessing a
variational structure and those with Lotka-Volterra type interaction.

=> Our theorem extends also to sign changing, complex and vector valued functions u;. Lipschitz
continuity can be weakened into Holder continuity for every o € (0, 1)].



19 More remarks

This was brought to my attention by Kelei Wang. Assume U minimizes a Lagrangian energy with
a pointwise constraint of the type U(x) € ¥, for almost every z € Q. Let Y € C°(€; RY). Then,
differentiation of the energy with respect to € with U(x) — U.(x) = U(x + €Y (x)) yields the well
known identity

/Q {dY(SL’)VU(:E) -VU(z) —divY (x) B\VU(;I;)\Q _ F((]@;))] } dr = 0,VY € C°(Q:RY) .

By localizing to a regular w C ) this implies

/w {dY(x)VU (z) - VU(z) — divY (z) B\VU(.;U)F - F(U(x))] } d

= / {Y@;) VU(z)v(z) - VU(z) — v(z) - Y(z) EWU (2)]* = F(U (:v>>] } do
ow
V smooth w and VY € C3°(§2; RN) . ()
Next




20 Some references:

L. CAFFARELLI, F.-H- LIN, Analysis on the junctions of domain walls, Discrete Contin. Dyn.
Syst. no. 3, 915929,

L. A. CAFFARELLI, A. L. KARAKHANYAN, AND F. LIN, The geometry of solutions to a
segregation problem for non-divergence systems, Journal of Fized Point Theory and Applications
(2009)

L. CAFFARELLI, F.-H- LIN, Singularly perturbed elliptic systems and multi-valued harmonic
functions with free boundaries, J. Amer. Math. Soc. (2008)

S.M. CHANG, C.S. LiN, T.C. LIN, AND W.W. LIN: Segregated nodal domains of two-
dimensional multispecies Bose-Einstein condensates. Phys. D 196, 341-361 (2004)

M. ConNTI, S. TERRACINI, G. VERZINI, A variational problem for the spatial segregation of
reaction—diffusion systems, Indiana Univ. Math. J. 54, 3 (2005) 779-815

M. ConNTI, S. TERRACINI, G. VERZINI, On a class of optimal partition problems related to
the Fucik spectrum and to the monotonicity formulae, Calc. Var. Partial Differential Equations 22,
1 (2005) 45-72

M. ConNTI, S. TERRACINI, G. VERZINI,Asymptotic estimates for the spatial segregation of
competitive systems, Adv. Math. 195 (2005), no. 2, 524-560.

M. ConNTI, S. TERRACINI, G. VERZINI, Uniqueness and Least Energy Property for Strongly
Competing Systems, Interfaces and Free Boundaries, 8 (2006), 437-446.

E.N. DANCER AND Z. ZHANG, Dynamics of Lotka-Volterra competition systems with large
interaction, Journal of Differential Equations, 182(2) (2002), 470- 489.

E.N. DANCER, K. WANG AND 7. ZHANG, Uniform Holder estimate for singularly perturbed
parabolic systems of Bose-Einstein Condensates and competing species, Journal of Differential

Equations, 251 (2011) 2737-27609.



21 More references

E.N. DANCER, K. WANG AND Z. ZHANG, Dynamics of Strongly Competing Systems with
Many Species, Transactions of the American Mathematical Society, 364 (2012) 961-1005.

E.N. DANCER, K. WANG AND Z. ZHANG, The limit equation for the Gross-Pitaevskii
equations and S. Terracini’s conjecture, Journal of Functional Analysis, 262 (2012), no. 2, 1087-
1131

N. GAROFALO AND F.-H. LIN Monotonicity properties of variational integrals, A, weights and
unique continuation. Indiana Univ. Math. J. 35 (1986), no. 2, 245-268.

R. HARDT, M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF, N. NADIRASHVILI,
Critical sets of solutions to elliptic equations. J. Differential Geom. 51, p. 359-373 (1999).

F. LIN, Nodal sets of solutions of elliptic and parabolic equations. Comm. Pure Appl. Math.
44 (1991), no. 3, 287-308.

B. NoORIs, H. TAVARES, S. TERRACINI AND G. VERZINI, Uniform Holder bounds for nonlinear
Schrodinger systems with strong competition Comm. Pure Appl. Math., 63 (2010), no.3, 267-302.

B. Noris, H. TAVARES, S. TERRACINI AND G. VERZINI, Convergence of minimax and
continuation of critical points for singularly perturbed systems, JEMS, to appear Available online

at: http://arxiv.org/abs/0910.5317

H. TAVARES AND S. TERRACINI, Regularity of the nodal set of segregated critical configurations
under a weak reflection law, Calc. var. PDESs, to appear

K. WANG, sl On the De Giorgi type conjecture for an elliptic system modeling phase separation
preprint 2012



22 Asymptotic limits of a system of Gross-Pitaevskii equations

Consider the following system of nonlinear Schrodinger equations

—Dui + Ny = witf = Bui Y Bl
u; € HH(Q), u; > 0in Q. =L..0

in a smooth bounded domain Q@ C RY, N = 2,3. Such type of systems arises in the theory of
Bose-Einstein condensation in multiple spin states. Here we consider 3;; = £;; # 0 (which gives a
variational structure to the problem) and take \;,w; € R and 8 € (0, +00) large. The existence of
solutions for 3 large is still an open problem for some choices of \;, w;.

One of the many interesting questions about these systems is the asymptotic study of its solutions
as 3 — +oo (which represents an increasing of the interspecies scattering length) and study of the
regularity of the limiting profiles. From the uniform Holder bounds theorem we know that:

= C% bounds (for all 0 < a < 1) for any given L*-bounded family of solutions Uz =
(U1, - .., upp) of the system;

= the possible limit configurations U = limg_,; Ug are Lipschitz continuous.

As a byproduct, we have

Theorem 11 Let U be a limit as f — +oo of a family {Usz} of L>-bounded solutions of the
system. Then the conclusion of Theorem 7 holds.



All the required assumptions are satisfied for such limiting profiles, with fij(z,s) = fi(s) =
w;s> — \;s, except for the weak reflection law. The procedure to verify it is the following: defining
an approximated energy associated with system - which has a variational structure-,

1
Bir) = s [, (VU =~ (FUU) + [ 283 ke,
B?“(x()) B?" xO 1<
by a direct calculation it holds
2 2
EL(r) = —— / (0,Us)” do + —— / fi(w; 5)(Vu; 3,z — x0)+
B rN—2 5B, (2y) rN—1 (z0) ;
1 1
+

N — 2(F(Us), Uy) — / F(Us), Uy) do+
e (VDU — s | (P,

4—N 2 .2 2 .2
R B uisuis+ / B ui s do

BT(Q?O) i<j aBT(xO) 1<J

We know the following facts:
=) there holds strong convergence Us — U in H' N C%*(Q) for every 0 < o < 1,

D and [ B, ;u; gui 5 — 0.

Hence, as  — 400, we prove that U satisfies the weak reflection law.



23 Lotka-Volterra competitive interactions with symmetric competition rates

Consider the following Lotka-Volterra model for the competition between h different species.

—A’U}Z' = fz(uz) — BUZ Zj?éz- A Uy n Q,
w; > 01in €2, u; = @; on 0L

with Q@ € RY a smooth bounded domain and ¢; positive W1 (9Q)functions with disjoint
supports. We focus on the asymptotic study of solutions as f — +oco. It is not difficult to show
that all the possible H'-limits U of a given sequence of solutions {Us} s~ (as 8 — +00) belong to
the class

Theorem 12 Let U € S, then if a;; = aj;, Vi, j the conclusion of Theorem 7 holds.



24 Regularity of interfaces in optimal partition problems related to the first
eigenvalue

Next we consider some optimal partition problems involving eigenvalues. For any integer h > 0, we
define the set of h—partitions of () as

B, ={(wi,...,wp) : w; measurable , |w; Nwj| =0 fori# j and U;w; C Q}.

Consider the following optimization problems: for any positive real number p > 1,

h 1/p
(1 ,
shpim gt (5 ner)

h i=1

and, for p = +o00 we find the limiting problem

L) = g}f Z, gllfuffh(h(w@)),

where \i(w) denotes the first eigenvalue of —A in Hj(w) in a generalized sense. We refer to the
papers Conti, Verzini, T. and Helffer, Hoffmann-Ostenhof, T., for a more detailed description of
these problems.



Our theorem applies to suitable multiples of the eigenfunctions associated with the optimal par-
tition. More precisely, we proved that

= let p € [1,+00) and let (wi,...,ws) € By be any minimal partition associated with £, and
let (¢;); be any set of positive eigenfunctions normalized in L? corresponding to (Ai(w;));. Then
there exist a; > 0 such that the functions w; = a;¢; verify in (), for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—Au; < A(wi)u; and —A(u; — Z#i w;) > Ai(wi)u; — Z#i A1 (w;)u;;

and:

= let (wy,...,wn) € By, be any minimal partition associated with £5, and let ((52-)2- be any set of
positive eigenfunctions normalized in L? corresponding to (A;(@;));. Then there exist a; > 0,
not all vanishing, such that the functions u; = az-ggz- verify in €2, for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—A’LNLQ S Qh”LNLZ and —A(’LNLZ — Zﬁéi ﬂ]) 2 Sh(ﬂz — Zj?éz- ”LNL])

~

In particular the functions U = (ay, ..., 4) and U = (uq,...,us) belong to S(Q). As conse-
quence, we have the following result:

Theorem 13 Let (wy,...,wy) € By be any minimal partition and let I be the union of the
interfaces; then the conclusion of Theorem 7 holds.



25 Extremality conditions for partitions involving higher eigenvalues

We would like to attack the optimal partition problem for higher eigenvalues (k > 2):

A
£ = min 7 (; )\k(wi)) .

=> What are the extremality conditions? Hadamard domain variation requires simple eigenvalues.
Introduce the penalized functional:

Exlun, - up) = /QZ Vil + 85 sl

i#J

with constraints

/|ui|2:1 Vi=1---,h.
Q

As B + oo, critical points of €5 converge to pairs of segregated eigenfunctions.

=> Problem: How to define an appropriate critical level for the penalized functional?

Existence of the minimal partition has been proved by Bucur—Buttazzo.



26 Spectral partitions

=> Consider an eigenfunction, and the associated nodal partition. how can we detect whether it
possesses any minimization property?

We easily understand tha the most appropriate function of the eigenvalue to be considered is:

L) = g}f Z, gfuffh(h(w@)),

A straightforward consequence of the Fisher-Courant theorem is that

For one dimensional problems we always have equality (Sturm oscillation principle) for every k.
On the other hand, in more space dimensions, the k-th eigenfunction may possess less than k nodal
domains.

Given k, we denote by Lj the smallest eigenvalue (if any) whose eigenspace contains an eigen-
function with k& nodal domains (Lg = 400 if no such an eigenfunction exists).
In general, an easy consequence of the Courant nodal theorem for connected domains is that

e < Ly .




So we have the inequalities

= Can we characterize the equality cases?

Theorem 14 (Helffer, Hoffman-Ostenhof, T, 2009—2010) Suppose Q C RY regular. If
either A\, = £, or £1. = Lj. then

Ne =L =Ly .

In addition, one can find in the eigenspace associated to N\ an eigenfunction u;. having
extactly k nodal domains.

= The k-th eigenfunction has k nodal domains (i.e. is sharp with respect to the Courant nodal
Theorem) if and only if the associated nodal k—partition is optimal.

As a consequence, every time we know (for instance for the symmetries of the problem) that the
second eigenvalue is degenerate, then the minimal spectral 3-partition has necessarily a nontrivial

clustering point.



27 The case of the sphere

We consider the Laplace-Beltrami operator on the two-sphere.

Conjecture 1 (Bishop 1992) The minimal 3-partition for %(25’21 A(D;)) corresponds to
the Y -partition, whose boundary is given by the intersection of S* with the three half-planes

' __ () 2 2=
defined respectively by ¢ = 0,5, =+

The conjecture can be restated as

and also

15
23,19(82) — 23<Sz> — Z , Vp

Bishop’s Conjecture was motivated by the analysis of the properties of harmonic functions in
conic sets. A reference paper in this context is that by Friedland-Hayman. It is proved there that
the optimal two-partition is achieved by the two half spheres.



28 Uniqueness for £3 in two dimensions

Theorem 15 (Helffer, Hoffman-Ostenhof, T) Any minimal spectral 3-partition of S* is
(up to a rotation) obtained by the Y -partition. Hence

15
23(S2> — Z .

Consider a homogeneous function in R? of the form

u(z) =rg(0, o)

which is harmonic outside its nodal set: —Au =0, u > 0 and such that the nodal set divides
the sphere in three parts, then

Oé(Oé + 1) Z 23(82) .

Hence our theorem implies that o > 3/2.



29 Ideas of the proof:

=) first, minimal partitions on S? in three parts exist and share the same properties as for planar
domains: regularity and equal angle meeting property. Hence the nodal set is a finite union of
arcs.

=> because the second eigenvalue of the Laplace-Beltrami operator is singular (has nontrivial mul-
tiplicity), then the minimal 3-partition cannot be a nodal partition.

= use Euler’s formula and deduce that the nodal line s of a minimal 3-partitions consists exactly
two points 1 and x9 and three arcs joining these two points.

=> use Borsuk (or Ljusternik-Schnirelman) theorem to prove that the nodal set contains a pair of
antipodal points.

=> the next point is that any minimal 3-partition which contains two antipodal points in its bound-
ary can be lifted to a symmetric 6-partition on the double covering S3.

= finally, the last point is to show that on the double covering a minimal symmetric 6-partition is
necessarily the lifting on the double covering of the Y-partition.

— use the knowledge of the spectrum of the Laplace-Beltrami on the double covering and classify
all odd and even spectrum.

— use again the characterization of the eigenvalues whose nodal partition is minimal: this holds
if and only the minimal eigenvalue whose nodal partition has k£ nodal domain is the minimal
one,
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